Bosonic interactions with a domain wall by Morris, J. R.
ar
X
iv
:1
60
1.
06
29
3v
1 
 [h
ep
-th
]  
23
 Ja
n 2
01
6
Noname manuscript No.
(will be inserted by the editor)
Bosonic interactions with a domain wall
J.R. Morris
Received: date / Accepted: date
Abstract We consider here the interaction of scalar
bosons with a topological domain wall. Not only is
there a continuum of scattering states, but there
is also an interesting “quasi-discretuum” of positive
energy bosonic bound states, describing bosons en-
trapped within the wall’s core. The full spectrum of
the scattering and bound state energies and eigen-
states is obtainable from a Schro¨dinger-type of equa-
tion with a Po¨schl-Teller potential. We also consider
the presence of a boson gas within the wall and high
energy boson emission.
Keywords domain wall · topological soliton ·
interacting scalar fields
PACS 98.80.Cq · 11.27.+d
1 Introduction
A simple planar topological domain wall emerges as
a solitonic solution of a scalar field equation pos-
sessing a quartic potential with a broken Z2 symme-
try (see, e.g., [1]-[5]). In this familiar type of model
the domain wall scalar field χ interpolates between
the disconnected vacuum states located by χ = ±η,
and the energy density of the wall is localized near
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the wall’s core, where χ → 0. Other particles, both
fermions and bosons, can interact with the wall in
various ways (see [1]-[3] for example). In particular,
the scattering of scalar bosons from such a wall has
been examined in [6]. We re-examine this type of
scalar field interaction with more of a focus upon
bound states of a complex scalar field φ interacting
with the domain wall field χ.
Other models of interacting scalar fields have demon-
strated how it is possible for entrapped bosons to sta-
bilize or metastabilize nontopological solitons formed
from domain wall bubbles (see, e.g., [5],[7]). However
here, our focus, at least partly, is on the mathemat-
ical description of a set of exact, analytical eigen-
states and energy spectra associated with φ boson
scattering states and φ boson bound states. Using a
simple model for the interacting scalars, and a sim-
ple ansatz for the field φ, we obtain a Schro¨dinger-
type of equation with a sech2 Po¨schl-Teller poten-
tial, which has known solutions. These solutions can
be incorporated to obtain a full description of the
φ scattering and bound states. Certain values of the
potential strength allow for reflectionless scattering.
However, the bound state spectrum is especially in-
teresting in that there is a discretuum of boson en-
ergies associated with motion transverse to the wall,
but for each discrete energy there is a continuum as-
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sociated with unconstrained motion parallel to the
wall.
2 Interacting scalar fields
Our model of interacting scalar fields is basically
the same as that presented in [6]. (See also [7] for
a similar type of model with quartic self interactions
present). The lagrangian for our system of interact-
ing scalars consisting of a real scalar χ and a complex
scalar φ is taken to be
L = 1
2
∂µχ∂
µχ+ ∂µφ
∗∂µφ− V (χ, |φ|) (1)
where the potential is
V =
1
4
λ(χ2 − η2)2 + f(χ2 − η2)φ∗φ+m2φ∗φ (2)
The parameters λ, f , η, and m are all taken to be
positive real-valued constants. The vacuum states of
the theory are given by χ = ±η and φ = 0. The χ
particle and φ particle masses are given, respectively,
by mχ =
√
2λ η and mφ = m. The field equations
for the system that follow from L are
χ+
[
λ(χ2 − η2) + 2f |φ|2]χ = 0 (3a)
φ+
[
f(χ2 − η2) +m2]φ = 0 (3b)
where  = ∂2t − ∇2. This system admits the exact
solution set φ = 0 and
χ(x) = ±η tanh x¯ = ±η tanh (Ωx) ,
Ω = η
√
λ
2
(4)
where we have defined the dimensionless variable
x¯ = Ωx, where Ω is the inverse of the wall’s width w.
The solution for χ is that describing a static domain
wall (for, say, +η) or anti-wall (for, say, −η) centered
on the y-z plane at x = 0 (see, e.g.,[1],[2],[4]). The
width w of the wall is
w = Ω−1 =
1
η
√
2
λ
= 2m−1χ (5)
We next consider the behavior of the φ field in the
domain wall background , as considered in previ-
ous works (e.g., [2], [6], [7]). We note that the χ-
φ coupling term is proportional to f(χ2 − η2) =
−fη2sech2x¯. Using this, we rewrite the φ field equa-
tion (3b) as
∂2t φ−∇2φ+m2φ+ U(x)φ = 0 (6)
with
U(x) = −fη2sech2x¯ (7)
Adopting the plane wave ansatz [6]
φ(x, y, z, t) = ψ(x) exp [−i(ωt− κyy − κzz)] (8)
with ω, κy, κz being real-valued parameters, (6) re-
duces to
d2ψ
dx2
− U(x)ψ + [ω2 − (κ2 +m2)]ψ = 0 (9)
where we define κ2 = κ2y+κ
2
z. The ansatz describes a
φ boson freely propagating in the y and z directions,
but subject to a force in the x direction, and having
total energy ω. In the limit U → 0 we have a free
boson in three dimensions with the usual dispersion
relation ω2 = p2 +m2 where p = (px, py, pz) is the
relativistic momentum and ω is the energy. Let us
define
K2 ≡ ω2 − (κ2 +m2) (10)
The quantity
√
κ2 +m2 can be considered to be
the portion of the boson energy associated with the
two dimensional translational motion in the y and z
directions. With (7) and (9),(10) becomes
d2ψ
dx2
+
[
K2 + fη2sech2x¯
]
ψ = 0 (11)
This is just a Schro¨dinger equation for the eigenfunc-
tion ψ with a Po¨schl-Teller potential (see, e.g., [8],
[9] and references therein)
U(x) = −Ω2ν(ν + 1)sech2x¯ (12)
where ν is a real-valued positive constant, not neces-
sarily an integer. Comparison of (7) and (12) implies
that
ν(ν + 1) = fη2/Ω2 = 2f/λ (13)
where (5) has been used. The depth of the potential
well depends upon ν, or equivalently,
√
fη/Ω.
Bosonic interactions with a domain wall 3
Exact, analytical sets of scattering eigenstates and
bound eigenstates and the associated spectral values
are known, and are elucidated clearly by Lekner in
[9], whose results we adopt here. In particular, [9]
studies the solutions of the Schro¨dinger equation
d2ψ
dx2
+
[
K2 +Ω2ν(ν + 1)sech2x¯
]
ψ = 0 (14)
which coincides with (11) using the identification
(13). Following [9], we define an energy parameter
E = K2/2M which would correspond to the energy
of a nonrelativistic particle of mass M described by
an eigenfunction ψ of (14). We can use the spectral
values of K2 to obtain the φ boson energy spectral
values for ω by using (10). Scattering states for ψ,
and hence scattering states for the φ bosons, form a
continuum with K2 > 0, and bound states of ψ are
described by K2 = 2ME < 0, and by the relation
(10) will describe the states of φ bosons trapped in
the domain wall with energy ω(κ) <
√
κ2 +m2.
3 Scattering states
The scattering states are the positive energy states
with K2 > 0. By (10) these are states with ω2 >
m2+κ2 and bosons with this energy can exist outside
the domain wall and are not confined by it, but, in
general, scatter from it. The eigenstates are given by
two independent solutions of (14) forming even and
odd functions of x and are described by hypergeo-
metric functions (see, e.g., [9] and references therein)
ψeν(x) = (cosh x¯)
ν+1
F
(
α, β; 1
2
;− sinh2 x¯) (15a)
ψoν(x) = (cosh x¯)
ν+1 sinh x¯ ×
× F (α+ 1
2
, β + 1
2
; 3
2
;− sinh2 x¯) (15b)
where
α = 1
2
(ν + 1 + iK
Ω
),
β = 1
2
(ν + 1− iK
Ω
)
(16)
and a representation for F is given by
F (α, β; γ; ζ) =
Γ (γ)
Γ (α)Γ (β)
×
×
∞∑
n=0
Γ (α+ n)Γ (β + n)
Γ (γ + n)
ζn
n!
(17)
(We ignore the possible scattering of χ particles from
the χ wall, as the reflection coefficient is zero for this
case [6].) Now, the scattering of φ bosons from the
domain wall becomes reflectionless, for any energy,
for the case that ν = positive integer [9]. This can
also be seen from the analysis of boson scattering
from a domain wall [6], where there is a similar χ-
φ interaction, which by using the same plane wave
ansatz, leads to the same Schro¨dinger equation, pro-
vided that we identify the coupling constant λ˜ of
[6] with our coupling f [10]. The quoted reflection
coefficient is
R = cos
2 θ
sinh2 ϕ+ cos2 θ
(18)
where (in our notation, with our parameters) ϕ =√
2/λ(piκ/η) and θ = (pi/2)
√
1 + 8f/λ. Using (13)
we have
√
1 + 8f/λ =
√
4ν(ν + 1) + 1. The reflec-
tion coefficient vanishes for ν = positive integer,
where cos θ = 0.
4 Bound states
Bound states of the Schro¨dinger equation (14) oc-
cur when K2 = 2ME < 0. In this case the energy
spectrum for E is given by [9]
En = −Ω
2(ν − n)2
2M
, n = 0, 1, 2, ..., [ν] (19)
where [ν] is the integer part of ν (ν need not be
integer). These negative energy eigenstates can be
obtained from (15) and (16) by replacing K by Q =
iK [9]. The identification K2n = 2MEn gives ω2n −
(κ2 +m2) = −Ω2(ν − n)2, or
ω2n(κ) = −Ω2(ν − n)2 + (κ2 +m2) (20)
The energy spectrum given by the set {ωn(κ)} de-
pends upon the discrete set of integers n, as well as
upon the continuous parameter κ ≥ 0. We might
refer to this as a “quasi-discretuum”. We note the
following:
ω2n(κ) ≥ −Ω2(ν − n)2 +m2 (21a)
= min[ω2n] ≥ 0 (21b)
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since ωn(κ) is asssumed to be real-valued. (Other-
wise the φ particles are not stable, as is assumed
to be the case.) The above, however, requires that
ν − n ≤ m/Ω, i.e.,
n ≥ ν −m/Ω and n ≥ 0 (22)
Therefore, there exists a minimal value for the inte-
ger n with nmin = 0 if ν ≤ m/Ω and nmin = smallest
integer ≥ ν−m/Ω for ν ≥ m/Ω (a “ceiling function”
value).
We now envision a set {ωn(κ)} with energies given in
(20) with n = nmin, nmin+1, nmin+2, ..., [ν] and κ ∈
[0,∞). The minimal value of ωn(κ), i.e., min[ωn(κ)],
increases with increasing n, so that the different n
discrete energy levels overlap. Note that for ν = pos-
itive integer then for n = ν we have min[ων(κ)] = m,
and we have a barely free φ boson at rest.
Consider now a gas of φ bosons at a temperature
T = β−1. The gas particles collide and interact, and
we expect that the ensemble average boson momen-
tum to be zero, i.e., 〈p〉 = 0, but we have 〈κ〉 ≥ 0.
For a gas of φ bosons with a large ensemble of par-
ticle energies, we now abandon the monochromatic
bosonic beam ansatz of (8) in favor of a quantum sta-
tistical description. We take the chemical potential µ
of the boson gas to be negligible (βµ≪ 1), and using
boson gas statistics we have that the number of par-
ticles with energy ω is given by N(ω) = (eβω−1)−1.
Now, the ideal boson gas can allow sufficiently high
energy particles to escape the wall to |x| = ∞ with
a minimal energy ω∞ = m. Therefore gas particles
within the wall with average energies ω ≥ m have
the possibility of eventually escaping the wall. If the
gas temperature is T ≪ m, i.e., βm ≫ 1, then the
number of particles N(ω ≥ m) is small and the rate
of boson leakage is low. However, for high tempera-
ture T ≫ m, i.e., βm ≪ 1, N(ω ≥ m) is large and
the rate of φ boson leakage from the wall is high. The
total number density of relativistic φ particles is [4]
n ∼ T 3, and the total energy density of relativistic
particles is [4] ρφ ∼ T 4. So for a planar domain wall
inhabited by φ bosons, we expect escaping bosons
to result in a drop of n and ρφ, and consequently a
drop in T . A drop in temperature T then reduces
the rate of φ boson emission from the wall.
The model considered here is presented at a classical
level, i.e., the domain wall solution follows from the
tree-level potential (2) for φ = 0. These tree-level re-
sults can be used for an analysis of one-loop quantum
corrections, which will result in a shift of the surface
tension of the domain wall. (See, for example [11]
and [12]).
5 Summary
A tree-level model describing two interacting scalar
fields has been studied, wherein one of the scalar
fields (χ) exhibits a Z2 discrete symmetry. Conse-
quently, the field equations admit a solution set where
the real field χ forms a topological planar domain
wall of width w = Ω−1 centered on the y-z plane,
while the second field (φ) assumes its vacuum value
of φ = 0. We then consider excitations of the φ
field, i.e., φ boson particles, in the domain wall back-
ground. Upon adopting a modulated plane wave type
ansatz with φ = ψ(x) exp [−i(ωt− κyy − κzz)], with
ω and κ = (κy, κz) being real-valued parameters, a
Schro¨dinger equation with a Po¨schl-Teller potential
U(x) = −fη2sech2Ωx is obtained for the eigenfunc-
tion ψ(x). The eigenvalue K2 for the Schro¨dinger
equation can be written in terms of boson energy ω
and momentum parameter κ = |κ|.
Solutions describing scattering states of the φ bosons
from the domain wall are presented. A comparison
made with the work in [6] verifies that the reflection
coefficient R vanishes for positive integers ν where
we have the identification ν(ν + 1) = Ω−2fη2 =
2f/λ.
Next, the bound state energy spectrum for φ bosons
trapped within the domain wall is found. This spec-
trum is described by a discrete set of nonnegative
integers n, along with a set formed by the continu-
ous parameter κ. We have therefore referred to this
spectrum formed by the set {ωn(κ)} as a “quasi-
discretuum”, since it is described by a discrete in-
teger n, as well as by a continuous parameter κ.
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Since there can be many φ bosons in each discrete
energy level, then one can consider the existence of a
φ boson gas at some temperature T = 1/β trapped
within the domain wall. We suggest, in a way similar
to that along the lines of [7], that sufficiently ener-
getic particles with ω ≥ m can escape the wall. The
leakage rate, however, depends upon the gas tem-
perature T , with a low rate of φ boson emission for
T ≪ m and a high rate of emission at T ≫ m.
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